We have developed tight-binding Hamiltonians for the hcp transition metals zinc and cadmium based on the Naval Research Laboratory tight-binding method. The Hamiltonians have a nonorthogonal basis and are derived by fitting to band structures and total energies of first-principles linearized augmented plane-wave calculations. We have applied this approach to compute the ground-state behavior, phase stability, band structures, densities of states, elastic moduli, and phonon frequencies for both Zn and Cd, and have found good agreement with available experimental and theoretical data in most cases. This approach also enables us to perform large-scale molecular dynamics simulations to calculate the vacancy formation energies, atomic mean-square displacements and coefficients of thermal expansion, at a small fractional cost of computational times compared with firstprinciples techniques.
I. INTRODUCTION
The Naval Research Laboratory tight-binding (NRL-TB) method is based on the two-center Slater-Koster 1,2 formulation of tight binding with a nonorthogonal basis, taking advantage of the fact that the density functional theory 3, 4 allows an arbitrary shift in the potential, 5, 6 which makes it possible to fit the total energy without employing an empirical potential. The form of the NRL-TB parameters allows excellent transferability to different crystal structures and atomic configurations, and has been successfully applied to examine various structural, electronic, energetic, and dynamical properties of many transition and noble metals, [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] semimetals, 19 heavy metals, 20 semiconductors, [21] [22] [23] alloys, [24] [25] [26] [27] carbon nanostructures, [28] [29] [30] and metal oxides, [31] [32] [33] etc. In particular, NRL-TB Hamiltonians have been previously developed for all the transition metals, except for column IIB. Here we applied the NRL-TB method to the hcp transition metals zinc and cadmium. Both Zn and Cd differ significantly from the typical transition metals that have a low-lying s band and another five d bands that progressively fill up so that the Fermi level (E f ) is either within the d bands or just above for the noble metals. On the contrary, Zn and Cd have deep d bands which fall between the first predominantly s-like band and a seventh band with s-p character crossed by E f . The situation is also different from some free-electron metals such as Al that have no occupied d bands. In contrast to most hcp metals, Zn and Cd have unusually large axial ratios which are well above the ideal hcp ratio 34 and thus have some unique material properties such as the lowest melting points in transition metals aside from mercury. In Sec. II we detail the theoretical methods used to develop the NRL-TB Hamiltonians and perform tight-binding molecular dynamics simulations. In Sec. III we present the results and related discussions on various tight-binding derived properties obtained from both the static calculations and molecular dynamics simulations, and conclude with a brief summary in Sec. IV.
II. THEORETICAL METHODS
In the two-center nonorthogonal NRL-TB scheme, the Slater-Koster terms include both the environment-dependent on-site parameters and the bond-length-dependent hopping parameters. 5, 35 The on-site terms are assumed to be diagonal and have a polynomial form as a function of the atomic density. For a single element, the density of atom i is defined as
where the sum is over all the neighboring atoms j within a range of cutoff distance R c of atom i, λ is a fitting parameter, and F C (R ij ) is a smooth cut-off function. The angular-momentum-dependent on-site terms are defined by
where represents the s, p, and d orbitals, and a , b , c , and d are our fitting coefficients. We construct the two-center spd Slater-Koster (SK) hopping integrals from the ten independent SK parameters, which are assumed to all have polynomial times exponential forms in terms of neighbor distance
where γ indicates the type of interactions, including ssσ , ppσ , spσ , ddσ , sdσ , pdσ , ppπ , ddπ, pdπ, and ddδ. R is the distance between the atoms, and e γ , f γ , g γ , and q γ are our fitting coefficients. We define the Slater-Koster overlap functions in a nonorthogonal calculation to have the same form as the hopping parameters. Overall, there are in total 93 fitting coefficients for a single element in the on-site, hopping, and overlap terms in the NRL-TB Hamiltonians with s, p, and d orbitals, and the values of these fitting coefficients for Zn and Cd are listed in Table I. TABLE I . Tight-binding coefficients for Zn and Cd, generated by fitting to the first-principles LAPW total energies and band structures of bcc, fcc, hcp, and simple cubic structures.
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On-site parameters (λ = 1.469991 a.u. For both Zn and Cd, we used the full-potential linearized augmented plane-wave (LAPW) total energy calculations 36, 37 within the local density approximation (LDA) 4 to generate total energies and band structures for bcc, fcc, hcp, and simple cubic crystal structures with varying atomic volumes, and, in the case of the hcp structure, we fitted only selected total energy values and not a full range of values and c/a ratios. The total energy is usually weighed at around 200-300 times over a single band energy. We are able to obtain fitting rms error of less than 5 mRy and 0.2 mRy for the energy bands and total energy, respectively.
We calculate the finite-temperature dynamical properties from tight-binding molecular dynamics simulations, which are performed in the microcanonical ensemble by integrating the equations of motion using Verlet's algorithm 38 and a time step of 2 fs. The forces on each atom are calculated from the eigenvectors of the TB Hamiltonian of the system using the Hellmann-Feynman theorem. 39 The supercells used in our molecular dynamics simulations contain 288 atoms, and we typically are able to approach equilibrium in the tight-binding molecular dynamics simulations within 2000 time steps (4 ps).
III. RESULTS AND DISCUSSION

A. Equilibrium structure and phase stability
The NRL-TB method's combination of computational efficiency and transferability to different crystal structures and atomic configurations enable us to examine low-symmetry crystal structures and defect structures, in addition to the high-symmetry bcc, fcc, hcp, and simple cubic phases used in the Hamiltonian fitting. In Table II , we list the calculated tightbinding total energies of Zn in 26 different crystal structures. Among all the structures examined, we find that the hcp structure is lowest in energy, consistent with experiment. 34 In Fig. 1(a) we show the volume dependence of the tight-binding total energies for fcc, bcc, simple cubic, hcp, and diamond structures. The tight-binding calculations successfully reproduce the first-principles LAPW data of the fcc, bcc, and simple cubic structures that are used in the development of the tight-binding Hamiltonians. For the hcp structure, we minimize the tight-binding total energies as a function of the c/a ratio at each given volume, thus the tight-binding results are not directly comparable with the LAPW energies used in the tight-binding fitting due to the different c/a ratios. 34 This discrepancy is mainly due to the use of the LDA in our input database, which usually underestimates the equilibrium volume of the 3d transition metals. 40 In contrast, previous first-principles calculations using generalized-gradient approximation (GGA) predict an equilibrium volume of 97.32 Bohr 3 /atom, 41 in closer agreement with experiment. The tight-binding calculated c/a ratio at the equilibrium (c/a = 1.828) is in good agreement with experiment (c/a = 1.856), similar to previous first-principles calculations. 41 Our tight-binding calculations find no significant anomaly in the c/a ratio for hcp Zn under compression, consistent with hydrostatic high-pressure powder x-ray diffraction experiments 42 and first-principles calculations. 43 The tight-binding predicted equilibrium properties of Cd are quite similar to those of Zn. The hcp structure also has the lowest energy among the 26 different crystal structures examined, as shown in Table III and Fig. 1(b) . The tight-binding calculations underestimate the hcp equilibrium volume by ∼6.5%, in comparison with the experimental value of 145.63 Bohr 3 /atom at ambient conditions, again due to the fitting of the Hamiltonians to LAPW calculations using the LDA approximation. The tight-binding calculations predict a c/a ratio of 1.883 in close agreement with the equilibrium experimental value of 1.885, similar to the Zn results.
The fact that the LDA results, to which our TB fit was based, are in better agreement with experiment for Cd than Zn is consistent with previous findings. Indeed, the LDA results for the 4d metals better agree with the experiment than those for the 3d metals. 
B. Electronic structure
At the ambient experimental equilibrium volume, the tightbinding calculated band structure and electronic density of states are in excellent agreement with first-principles LAPW results for both hcp Zn and Cd, as shown in Figs. 2 and 3 . The tight-binding calculated Fermi surfaces of hcp Zn at the ambient experimental equilibrium volume are in close agreement with first-principles LAPW results, as shown in Fig. 4 . There are three major bands shown in the Fermi surfaces: one forming pockets around the upper and lower parts of each corner (the H point in the Brillouin zone) (green/yellow); the second (purple/blue) filling the entire corner (along the K-H line) and possibly connecting the corners (it is hard to be certain even using 11 000 k points); and the third, in light blue, filling the zone center. One noticeable difference between the tight-binding and LAPW surfaces can be found in the purple necks. In tight binding the neighboring necks tend to connect to each other, while in LAPW there are no connections. Such differences can be also seen in the band structure, where the tight-binding band goes just above the Fermi level and the LAPW band goes just below it in the direction. For hcp Cd, the tight-binding and LAPW-calculated Fermi surfaces show better agreement, as shown in Fig. 5 . There is no observable trend to connect the purple necks, and both tight-binding and LAPW predict the band energy below the Fermi level in the direction.
C. Elastic moduli
To calculate the elastic moduli, we impose volumeconserving external strains on the structure, relax any internal parameters to obtain the energy as a function of the strain, and numerically calculate the second derivative of the energystrain curves. 45 As shown in Table IV , in hcp Zn our tight-binding calculations significantly underestimate the bulk modulus and some of the elastic moduli (C 13 , C 33 , and C 44 ), all by over 20 GPa, in comparison to the experiment. 46 The significant underestimation of C 13 and C 33 has been previously reported in density-functional theory calculations using both GGA and hybrid functionals for Zn. 47 The calculated bulk and elastic moduli of hcp Cd show much better agreement with the experiment; all agree within 8 GPa.
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D. Phonon dispersion
Using the frozen phonon approximation, 48 we calculate the phonon dispersion curves along several high-symmetry directions in the Brillouin zone for both hcp Zn and Cd, as shown in Fig. 6 . The phonon spectra were calculated using supercells generated by the PHON code 49 and Stokes's FROZSL code, 50 the calculations agreeing well with each other. Since these calculations are performed at the equilibrium volume and c/a ratio predicted by the tight-binding Hamiltonians and the tight-binding equilibrium volume is significantly smaller than the experimental value, it is not surprising to see that the tightbinding calculated phonon frequencies for hcp Zn and Cd are mostly 10%-20% higher than the inelastic neutron-scattering measurements. 51 Phonon frequencies generally increase significantly with volume compression (increase of the pressure) in transition metals, as shown in many previous experimental and first-principles calculations. 45, [52] [53] [54] 
E. Atomic mean-square displacements
Atomic mean-square displacement (MSD) is an important materials parameter to describe the lattice vibrational properties at finite temperatures. 38 We calculate the MSDs based on the time-dependent atomic coordinates obtained through tightbinding molecular dynamics simulations at several selected temperatures. 38 The calculated MSDs for both hcp Zn and Cd show a linear increase with the increase of temperature, as shown in Fig. 7 . Cd has a larger atomic MSD than Zn at all the temperatures we examined. We only report MSDs for Zn and Cd up to 500 K due to the low melting points of Zn (693 K) and Cd (594 K), and the fact that our tight-binding molecular dynamics simulations break when the temperature approaches the melting point. Our high-temperature tightbinding molecular dynamics simulations break at 750 K for Zn and 525 K for Cd, which are both close to the experimental melting points. The calculated MSD values of Cd agree well with the experimental data derived from the Debye-Waller factor measurements, 55, 56 especially at around the ambient temperature. The increasing differences between the calculated and experimental values at higher temperatures are partially due to the fact that we perform all the molecular dynamics simulations at constant volume. The tight-binding calculations underestimated the MSD values of Zn, partially due to the underestimation of ambient equilibrium volume.
F. Coefficient of thermal expansion
The thermal expansion coefficient is a thermodynamic parameter that can also be obtained from our volume-conserving tight-binding molecular dynamics simulations at finite temperatures,
where B is the bulk modulus, P is the temperature-dependent pressure, and T is the temperature. We calculated P using the usual virial definition 11, 18 by adding up both the potential and kinetic contributions, and found a linear temperature dependence for both Zn and Cd, similar to that previously reported in several bcc transition metals. 18 Zn and Cd are both highly anisotropic, due to the unusually large c/a ratios at their equilibrium hcp structures, so the experimentally measured linear thermal expansion coefficients vary significantly along the a and c axes. Our tight-binding calculated linear thermal expansion coefficients are in reasonable agreement with the average experimental values 57 (having the same order of magnitude), as shown in Table V .
G. Vacancy formation energy
The computational efficiency of our tight-binding method enables us to examine large supercells, such as defect structures with minimal defect-defect interactions. Point defects such as monovacancies are intrinsic at high temperatures and have significant impact on a materials' thermal and mechanical properties. The thermal concentration of vacancies is usually associated with the vacancy formation energy E vac , which can be obtained from our tight-binding calculations using (5) where E sc (M,Q;V ) is the total energy of a supercell with volume V containing M atoms and Q vacancies, and E bulk (V /N ) is the total energy per atom for a bulk supercell of N atoms with volume V . When calculating the total energy for the vacancy-contatining supercell, we ensure that the supercell is large enough to avoid the vacancy-vacancy interactions, and fully relax all the atoms using the conjugate gradient method while keeping the lattice symmetry. The calculated values are very sensitive to the supercell size and the number of k points used in the tight-binding calculations. Using a supercell of 5 × 5 × 5 which contains 249 metal atoms and one vacancy, we are able to obtain well-converged results of E vac for both Zn and Cd when using 72 k points in the tight-binding calculations, as shown in Table VI . In comparison to the experimental data measured from positron annihilation, 58 our tight-binding calculation overestimated the E vac for Cd and underestimated the value for Zn, by ∼0.3 eV. Both hcp Zn and Cd have very low vacancy formation energies, roughly one order of magnitude smaller than many of the transition metals we previously studied. 5, 18 As shown in the band structure, the occupied d bands in Zn and Cd are located deep below the Fermi level, and most bands around the Fermi level have mixed s and p character. Thus Zn and Cd have electronic structures more similar to free-electron metals than transition metals. Aluminum, one of the free-electron metals which is not far from Zn in the periodic table, is reported to have a vacancy formation energy of 0.6 eV, 59 similar to the values of Zn and Cd.
IV. CONCLUSIONS
In summary, we have developed NRL-TB Hamiltonians for Zn and Cd by fitting to first-principles LAPW band 
